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Introduction

M ODERATE-ACCURACY attitudedeterminationsystems for
Earth-pointing satellites typically use Earth and sun sensors

for attitude sensing.Since the satellitesare Earth-pointing,an Earth
sensor can provide continuous roll and pitch attitude data for up-
dating the onboard real-time attitude estimated by a Kalman � lter
driven by gyro data. Yaw data are provided by a sun sensor, how-
ever, due to satellite eclipses and limited � elds-of-view, these data
are available for only part of each orbit. When yaw data are not
available, the yaw estimate must be propagatedusing gyro data and
the onboard Kalman � lter.

The general form of the dynamics model for a zero-momentum
satellite1 ¡ 4 includes the roll/yaw coupling that arises as the satel-
lite pitches over at orbital rate, whereas the attitude control system
maintains the Earth-pointing attitude around the orbit. This report
shows analytically, via the method described in Ref. 5, how prop-
agated yaw estimation errors can be reduced by using continuous
roll attitude measurements in conjunctionwith orbital rate coupling
in a Kalman � lter formulation. In essence, the principle of yaw gy-
rocompassing is embodied in a Kalman � lter driven by continuous
roll attitude and roll/yaw rate measurements. In the formulation de-
scribed herein, the structure of the � lter is essentially unchanged
with and without yaw attitude updates. It is shown that signi� cant
reductions in the propagatedyaw estimation errors can be achieved
during extended periods when no yaw measurements are available.

System Model
In this development, the body-� xed representation of the state

vector and covariance matrix is used,1 in which the attitude errors
are de� ned as the incremental angles that must be added to the
estimated attitude angles to obtain the true angles. Consistent with
this de� nition, the remaining elements of the state vector are the
incremental corrections to the gyro drift–bias estimates. Thus, the
state vector x is written as x = ( D } , D h , D w , D bx , D by , D bz)T ,
where D } , D h , and D w are the roll, pitch, and yaw attitude errors,
D bx , D by , and D bz are the roll, pitch, and yaw gyro drift-biaserrors,
and the superscript T denotes the transpose operator. The roll (X)
axis is generally aligned with the velocity vector, the pitch (Y) axis
is generally aligned with the negative orbit normal, and the yaw
(Z) axis is generally aligned with nadir. The continuous system
dynamics are represented as Çx(t ) = Fx(t ) + w(t ), where F is the
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dynamicsmatrixandw(t) is a whitenoiseprocess.The measurement
equationis z(t) = Hx(t ) + v(t ), where H is the measurementmatrix
and v(t ) is a white noise process on the measurements. The matrix
F describes the kinematic relationship between the states and their
rates of change:

F =

"
x x ¡ I3

03 03

#
(1)

Here I3 is the 3 £ 3 identity matrix, 03 is the 3 £ 3 zero matrix,
and x x is the gyro-measured body rate cross product matrix. For
a nonslewing Earth-pointing satellite in a circular or near circular
orbit, x x ¼ 0, x z ¼ 0, and x y ¼ ¡ x 0 , where x 0 is the (constant)
orbital rate. This assumes that gyro bias and noise rates are much
smaller than orbital rate. With these approximations, x x becomes:

x x =
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4
0 0 x 0
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¡ x 0 0 0

3

5 (2)

Roll andyaw are thuscoupledthroughorbital rate.Equations(1) and
(2) also show that for nonslewing operation, the dynamics matrix F
is approximatelyconstant.The � lter implementationcan be simpli-
� ed by neglecting orbital rate, thereby making the x x matrix zero
and leading to a very simple state transition matrix.3 This is done
if full three-axismeasurements are always available and the orbital
rate effect is small, or it is treated as a known pitch gyro bias and
subtractedfrom the pitch gyro readingsprior to input to the Kalman
� lter. However, in the latter case, the orbital rate coupling cannot be
used to advantage during periods when yaw measurements are not
available.

The measurement matrix H can be expressed as H3 = [I3 j 03].
The implicit assumption behind this simple form is that the Earth
and sun sensors provide direct measurements of the roll, pitch, and
yaw attitude errors independentof the current estimated state. This
is not true of the yaw measurement,which must be derived from the
location of the sun vector in the sensor � eld-of-view, the alignment
of the sensor on the satellite, the estimated satellite attitude, and
orbit knowledge to convert the sun (inertial) attitude measurement
to the rotating Earth-frame based attitude. This results in a yaw
measurement that is a function of the current estimated state, and a
nonlinear estimation problem. For the sake of simplicity, it will be
assumed that the systemcanbe linearizedsuch that themeasurement
matrix H is constant and takes the simple form given here. This
allows the use of the conventional Kalman � lter formulation, and
does not detract from the generality of the results. When the sun is
not in the sensor � eld-of-view, only roll and pitch measurementsare
available, and the H matrix reduces to rank two, H2 = [I2 j 02 j 02]
where I2 and 02 are the 2 £ 2 identity and zero matrices.

The white noise process w(t) represents gyro noise with the fol-
lowing spectral density characterization2,5:

Q =
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In Eq. (3), r 2
w is the gyro angle white noise variance, r 2

v is the gyro
angle random walk (drift rate noise) variance, r 2

u is the gyro rate
randomwalk (drift rate ramp noise) variance,and D T is the Kalman
� lter update interval for the discrete implementation. Similarly, the
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white noise process v(t) represents measurement noise with the
following spectral density characterization2,5:

R3 =

2

4
r 2

e D T 0 0

0 r 2
e D T 0

0 0 r 2
s D T

3

5 (4)

In Eq. (4) r 2
e is the Earth sensor roll/pitch measurement noise vari-

ance, and r 2
s is the sun sensor yaw measurement noise variance.

In general, the roll and pitch noise variances are not equal, but are
assumed to be for simplicity. When no sun angle measurements are
available, the spectral density matrix becomes R2 = ( r 2

e D T )I2 .
Because the system being discussed is time-invariant,the steady-

state covariancematrix can be computed analyticallyby solving the
nonlinear matrix Riccati equation. The solution is obtained using a
transformationresulting in a system of linear differentialequations5

that include the matrices F , H , R, and Q de� ned here. The closed-
form solution for the covariance matrix is5:

P(t ) = [U 21(t ) + U 22(t )P(t0)][U 11(t ) + U 12(t )P(t0)] ¡ 1 (5)

In Eq. (5), U 11(t), U 12(t ), U 21(t ), and U 22(t ) are the 3 £ 3 submatri-
ces comprising the 6 £ 6 state transition matrix of the transformed
system. This state transition matrix is the solution of a matrix expo-
nential in the matrices F , H , R, and Q. P(t0) is the initial estimate
of the covariance matrix.

Two steady-state covariance matrices are computed using this
method—one for the case in which full three-axis attitude measure-
ments are available, and the other in which no yaw measurements
are available. The matrices F and Q are the same in both calcu-
lations, but the matrices H and R are different depending on the
available attitude measurements. Because the (3, 3) element of the
6 £ 6 covariancematrix is the variance of the yaw estimation error,
this method can be used to predict the uncertainty in the propagated
yaw estimate without performing a Kalman � lter simulation. By
modeling orbital rate coupling in the dynamics matrix F , the effect
of this coupling on the yaw estimate can be predicted analytically,
as shown by the following example.

Numerical Example
Table 1 lists the parameters for a moderate-accuracyattitude de-

terminationsystem of an Earth-pointingsatellite in a low-Earthorbit
utilizingan Earth sensor,a sun sensor,and gyros. This exampleuses
a single-axissunsensorthatprovidesonlyyawinformation,andwith
an accuracy the same as that of the Earth sensor. The 67-min yaw
nonsensing time tp ( 2

3 of the orbital period) includes the time spent
in eclipse and the outage time because of the limited � eld-of-view
of the sun sensor.

The � rst step is to computethe steady-statecovariancematrixwith
three-axismeasurementsavailable,i.e., prior to the beginningof the
yaw nonsensing period. Equation (5) is evaluated at t =33 min,
or the orbit period minus t p . The rms estimation errors are the
square roots of the diagonal elements of the covariance matrix at
this time, computedas x̃ = (32.6, 32.6, 32.6, 0.072, 0.072, 0.072)T ,
where the � rst three elements are the rms attitude errors in units of
arcseconds, and the next three elements are the rms gyro bias errors
in units of arcseconds/second.

Next, the covariance of the two-measurement system at t = t p is
computed using the steady-state covariance matrix from the previ-
ous calculationas the initial valueof the covariance P(t0) in Eq. (5).

Table 1 Attitude determination parameters

Parameter Symbol Value Unitsa

Orbit rate x 0 0.00105 rad/s
Gyro angle white noise variance r 2

w (5.0)2 arcs2

Gyro angle random walk variance r 2
v (2.0)2 arcs2 /s

Gyro rate random walk variance r 2
u (0.002)2 arcs2 /s3

Kalman � lter update interval D T 10.0 s
Earth sensor noise variance r 2

e (120.0)2 arcs2

Sun sensor noise variance r 2
s (120.0)2 arcs2

Yaw propagation (nonsensing) time tp 67.0 min

aarcs = arcseconds

In this calculation, the matrices H2 and R2 replace H3 and R3 . The
computed rms estimation errors are x̃ = (34.6, 32.8, 171.1, 0.133,
0.075, 0.097)T . As expected, the pitch–attitude and pitch–rate er-
rors remain practically unchanged throughout the yaw nonsensing
period.Since roll and yaw are coupled, the yaw attitudepropagation
affects the roll gyro bias estimate directly. Also, since there are no
yaw updates,the yaw-gyro-bias-estimationerror increases,and this,
through the coupling,causes a small degradationin the roll–attitude
estimate,even thoughroll is updatedwith Earth sensordata through-
out. The degradation, however, is more than offset by the reduced
yaw-attitude-estimationerror. This is illustrated by performing the
same calculationwith orbital rate set to zero in the dynamics matrix,
i.e., no orbital rate coupling. For the three-measurement system, in
which continuous yaw updates occur, the steady-state rms estima-
tion errors are unchanged from the previous calculation, showing
that orbital rate coupling has no effect on the Kalman � lter perfor-
mance when three-axis measurements are continuously available.
However, at the end of the 67-min yaw-nonsensingperiod, the rms
estimation errors are x̃ = (32.8, 32.8, 449.6, 0.075, 0.075, 0.146)T .
Thus,withoutorbital-ratecouplingincludedin thedynamicsmatrix,
the rms yaw-attitude-estimationerror at the end of the nonsensing
period is 2.6 times greater (449.6 vs 171.1 arcseconds) than the case
in which it is included.

Simulation
A simpli� ed Kalman � lter simulation that computes the prop-

agated and updated covariance at each � lter update interval was
used to validate the analytical results. The discrete Kalman � lter
equations5 were evaluated at each � lter update time using the pa-
rameter values in Table 1 and the discrete versions of the matrices
H , R, U , and Q. Because the systemis time-invariant,a closed-form
solution for the discrete transition matrix U k can be obtained.4 The
simulation spans approximately 2.3 orbits. As in the numerical ex-
ample, yaw updates from the sun sensor occur only during the � rst
one-thirdof each orbit,and a propagatedyaw estimate is used for the
remaining two-thirdsof the orbit.The solid-lineplots in Fig. 1 show
the results of this simulation.Plotted in this � gure is the rms estima-
tion error of each element of the state vector, with the three attitude
states on the left and the gyro bias estimates on the right. As shown,
the yaw error is 33 arcseconds when sun sensor data are available,
and reaches approximately 170 arcseconds during the nonsensing
part of the orbit. The dashed lines on the same plots show the ef-
fect of removing orbital rate from the dynamics modeling. Roll and
yaw are no longer coupled, and the yaw estimation error during the
nonsensingperiod reaches approximately 460 arcseconds.Without
the roll coupling, roll attitude updates from the Earth sensor have
no effect on the yaw estimate, and the propagation is more sensitive
to the gyro errors. The results shown in Fig. 1 con� rm the analytical
results presented previously.

Fig. 1 Attitude determination performance: ——, with orbital rate
coupling modeled in the Kalman � lter and – – –, without orbital rate
coupling.
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Conclusions
A method for reducing propagated yaw estimation errors in a

satellite attitude determination system with continuous roll and
pitch measurements, but with yaw measurements available only
for a portion of the orbit, is presented herein. The method relies
on the coupling between roll and yaw that is inherent in the kine-
matics of an Earth-pointing satellite. When included in a Kalman
� lter formulation, this coupling acts to reduce the yaw estimation
uncertainty during those periods when no yaw measurements are
available. The continuous roll measurements, together with the or-
bital rate coupling,act indirectly to improve the estimate of the yaw
attitude during these periods. An analytical method for predicting
the rms error of the propagated yaw estimate is also presented, and
is validated with simulation results.
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Introduction

O RBITAL deployment of multiple satellites by a single vehicle
is becoming increasingly important, with the emergence of

low-Earth-orbit (LEO) satellite constellationsfor mobile communi-
cations and due to other factors such as reducedcost. To achieve the
constellations, several satellites are put in orbit by a single launch
vehicle.They are maneuveredafterwardsto put them into the proper
locations.Becausetheseoperationstakemanydaysorweeks, it is es-
sential that the satellites remain in orbit without colliding with each
other for several orbits.1 Because these deployments are carried out
with a separation system of springs, inducing very small changes
among the bodies, the bodies move dangerously close, in approx-
imately the same orbits. Also, when these deployments take place
either simultaneously or in quick succession within shorter time
intervals, the possibility of recontact between the separated bodies
is real and of concern. The multiple satellite launch by India—
PSLV-C2 or Polar Satellite Launch Vehicle-Continuation Flight 2
mission—required a deployment strategy to ensure noncollision
between satellites. Spagnulo and Sabathier2 discuss inclining the
satellites in the stacking con� guration and selecting the incremen-
tal separation velocities to increase the relative distance between
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the satellites. They arrive at these values by carrying out Monte
Carlo (MC) analysis by propagating the orbits of the satellites with
variations in the parameters involved in the deployment for various
deployment strategies. This process of carrying out MC analysis is
cumbersome and computationallydemanding. A strategy based on
simple orbit characteristicshas been devised for the deployment of
these satellitesso that they will not collide in the long term (less than
onesynodicperiodof the satellitesinvolved). The usageof this strat-
egy avoids the necessity of carrying out MC analysis (repeatedly)
to assess the collision possibility for different sets of deployment
parameters.

Problem Description
Assume that from the last stage of a launch vehicle (parent body

P ), the satellite S1 is separated at time t1 , and after a short interval
of time D t at t2 ( i.e., D t = t2 ¡ t1) another satellite S2 is deployed.
Because these deployments are carried out with a system of sep-
aration springs, they impart very small incremental velocities to
the bodies. It is possible that satellite S2 may collide with S1 , be-
cause they move in very close orbits. The possibility of collision
exists only at the points that are common to both the orbits. If D t
is ignored (i.e., assuming that the satellites are released at the same
time), the point from which the satellites are released is one such
common point. If this is the only point, then collision is possible
only at this point. Obviously, after separation, to come back to this
point, the satellites have to complete one revolution. There may be
more than one possible collision point depending on the geome-
try of the orbits. The existence of such common points is only a
necessary condition for a collision possibility.The suf� cient condi-
tion depends on the periods of revolution. Assume that the bodies
are moving under the in� uence of a spherical central force � eld
only.

If P1 and P2 are the periods of the orbits of S1 and S2 , then
collision will occur at the common points when P1 =n P2, where
n = l and l =1, 2, 3, . . . , and when n = 1/ k, where k = 1, 2, . . . . If
the periods of the satellitesare equal (n =1), they will collide at the
end of one revolution or before, depending on the geometry of the
orbits. Also note that if the satellites do not collide within the � rst
few orbits, the relative distance tends to grow with time. However,
the two satellites separatedwith small incremental velocitieswould
come closer after one synodic period even if they do not collide in
the � rst few orbits. In this Note, a strategy to make the period of
S2 equal to that of S1 so that they will collide after one revolution
is presented with the mathematical model. Based on this, deploy-
ment of the satellites is carried out to ensure no collision in the
long term and the procedure can be extended to other values of l
and k.

Strategy for Collision
In the separation of satellites, two parameters, namely, the in-

cremental velocity D V and its direction of application (referred
to hereafter as orientation) described by the angle h between VP

(instantaneous velocity vector of the parent body) and D V , deter-
mine the orbits of the satellites. Note that the incremental velocity
is shared between the parent body D VP and the satellite D VS in
accordance with

D VS = + j [m2 /(m1 +m2)]D V j , D VP = j [ ¡ m1 /(m1 +m2)]D V j

where m1 and m2 are masses of the parent body and the satellite.
If D VS1 and h 1 and D VS2 and h 2 are the separation velocities and
orientations of S1 and S2, respectively, then D VS2 and h 2 can be
chosen so that the periods of orbits of S1 and S2 are equal.

Mathematical Model
Let the satellite S1 be released with D VS1 and h 1 at t1 and VP be

the velocity of the parent body before separation . Let P1 be the
period of revolution of S1 after separation. The problem is to � nd
D VS2 and h 2 for S2 such that P1 = P2 .

The periodof theorbitsof satellitesis givenby Pi =2 p a3/2
i /

p
( l )

where i =1, 2 and ai {i =1, 2} are the semimajor axes and l is
gravitational constant.


